Abstract. We propose two multilevel spectral techniques for constructing coarse discretization 4 spaces for saddle-point problems corresponding to PDEs involving a divergence constraint, with focus 5 on mixed finite element discretizations of scalar self-adjoint second order elliptic equations on gen-6 eral unstructured grids. We use element agglomeration algebraic multigrid (AMGe) which employs 7 coarse elements that can have nonstandard shape since they are agglomerates of fine-grid elements.
Because of the local eigenproblems and boundary value problems, the setup cost 48 of the proposed methods are fairly more expensive than standard upscaling methods, 49 which makes them less attractive to find their ways for designing solver libraries
50
(such as hypre [1] for example). On the other hand, the proposed methods are more 51 accurate than other upscaling methods (e.g., mixed multiscale finite element method
52
[11]) because our coarse spaces already contain the coarse spaces in those methods.
53
More specifically, if one pressure basis is picked per agglomerate and one velocity basis PDEs with high order elements that has a much higher setup cost than the lowest 65 order elements, which is however compensated with a better accuracy. In our setting, 66 the expensive (in terms of setup cost) coarse spaces, can be viewed as a "higher order" 67 analog to the more traditional AMG coarse spaces.
68
The specific objective of the present paper is to extend the spectral method, orig- Rham complex and have coarse spaces at different scales of resolution.
82
The construction of the spaces, in the present mixed finite element setting, con-83 sists of two steps. We first determine the coarse basis for the pressure unknown by 84 solving a properly chosen local eigenproblem: locally the coarse pressure space then 85 consists of all the local eigenfunctions associated with the small (i.e. less than a We will drop the subscripts in (., .) D , a D , and b D , when D = Ω. Similarly, the subscript in ., . Γ will be dropped when Γ = Γ D . Using the introduced notations, letting
we derive the weak formulation of (2.1). Namely, we look for (q, 
where g D and f come from the Dirichlet boundary conditions and the source term,
138
respectively. Also, u and p represent the discrete velocity and pressure (that is, their 139 coefficient vectors when expanded in terms of the respective basis functions). We will 140 also need (later on) the traces of the velocity space V h on any interface F (union of 141 fine-grid element faces f ). We denote this space as V h (F ). Since, we consider V h (F )
142
in the discrete case only, we view it as a subspace of L 2 (F ). A natural basis for the 143 trace space V h (F ) is provided by the fine-grid basis functions of V h restricted to F ,
144
{ w h,i · n| F }, with degrees of freedom associated with the fine-grid faces f that form
145
F .
146
To formulate a corresponding coarse matrix problem, we construct a prolongation 147 matrix. In terms of coarse-to-fine mapping, the prolongation matrix admits the block h and H denote entities associated with the fine and coarse grid, respectively. The 152 detailed construction of the two matrices will be discussed in Section 3.
153
Once P is constructed, the coarse upscaled problem is obtained variationally from 154 the fine-grid one using the standard "RAP" procedure. Namely, if A h is the fine-grid 155 saddle-point matrix in (2.3), the coarse saddle-point matrix A H equals P T A h P . In faces (from bullet 2).
194
We present two approaches for the first two steps in Section 3.1. After that, the 195 construction of the coarse velocity space proceeds in a unified way.
196
We emphasize that since our coarse spaces (V H , W H ) and the topology of coarse 197 elements (i.e., the agglomerates) exhibit the same properties as the fine-grid ones, the 198 above procedure can be applied recursively, which is a distinct feature of the element 199 agglomeration AMGe approach. We present two approaches to build the coarse pressure space and the coarse velocity is a unit normal vector associated with each fine-grid face f and n f has an arbitrary,
212
but fixed, chosen direction. Let f = 1 or f = −1 depending on whether n f and n F 213 have the same or opposite directions. Then we define the function φ P V , which has 214 constant trace equal to unity when restricted to each coarse face F , i.e.,
It is clear that µ P V := µ = ( f ) f ⊂F is the coefficient vector in the following expansion
where for each fine-grid face f , φ 3.1.1. Method 1. For any T ∈ T H we formulate a local eigenvalue problem (for simplicity, we use the same notations as (2.1) for local variables)
where µ represents the restriction of p from Ω \ T to ∂T . Here, λ denotes the eigen-
are the respective eigenfunctions.
227
The weak form of the local problem above reads
Here, w · n, µ ∂T represents the boundary term that comes from integration by parts and its respective matrix C T arising from c T (w h,i , η h,j ), where {η h,j } denotes the 235 basis of the discrete trace space on ∂T , as described above. We can write the local 236 mixed system arising from (3.2) as
Here, W T and Q T are the respective local L 2 (T ) and L 2 (∂T ) mass matrices, while
238
M T and B T are the local, on T , counterparts of the matrices M and B, respectively.
239
Notice that M T and B T include the degrees of freedom of the velocity space on ∂T .
240
Now, we eliminate the velocity from the system (3.3) and formulate the following 241 generalized eigenvalue problem for the resulting Schur complement for p and µ
Consider the eigenvalues λ 1 ≤ · · · ≤ λ n and their respective eigenvectors -ρ 1 , . . . , ρ n ,
243
where
. Two (user supplied) parameters are then used to select the dom- weighted-SVD decomposition to enforce L 2 (T )-orthogonality (i.e., p
of the local basis.
256
Thus, the final global pressure prolongation matrix is the following block-diagonal 257 one,
. . .
For each coarse face F , after filtering out linear dependence in µ i 's that may arise 3.1.2. Method 2. In the second method, the coarse pressure basis functions are the low frequency eigenvectors of the following spectral problem in each agglomerated element T : we order the eigenvalues of the spectral problem (3.6) such that λ 1 ≤ λ 2 ≤ ... ≤ λ n .
268
Then given the spectral tolerance θ and the local maximum number of eigenvectors k, prolongation matrix P p is defined in the same way as in (3.5).
276
To generate the coarse traces of the H(div)-conforming space on the agglomerated 277 faces, we proceed as follows. Consider two agglomerated elements T + and T − sharing 278 one coarse face F . We call the union of T + and T − a coarse neighborhood of F ,
We also need a matrix, which evaluates the
where 1 is the vector representation of the unity constant function. 
Denote ( F p ) i to be the i-th column of F p . For each ( F p ) i , we solve the following local
Here, B T , M T , and W T are the restrictions of the matrices B, M , and W only to the 289 interior dofs of the coarse neighborhood T . We then collect the degrees of freedom
290
(normal traces) of all the v i 's restricted on the coarse face F . We note that p In general, the collection of all these trace vectors may be linearly dependent. We 3.2. Construction of the velocity space. Suppose we have constructed the coarse pressure space and the normal traces on coarse faces using one of the approaches in Section 3.1. We now proceed to construct the coarse velocity space. The construction consists of two parts. The first part is the extension of the normal traces on coarse faces. Consider a given normal trace µ j for the velocity space on a coarse face F . The normal trace µ j is extended into the (two) neighboring agglomerates, T , by solving a local Neumann boundary value problem
The above constant equals
Secondly, to complete the construction of the coarse basis of V H , we generally add bubble basis functions in each agglomerate so that the required compatibility conditions are met. To this end, for each pressure basis function p i orthogonal to constant (i.e., i ≥ 2), we construct a velocity basis function φ b i , which is supported in T (i.e., its normal trace on ∂T is zero), such that div φ b i = p i , by solving the local Neumann boundary value problem
The above problems are solvable since p i , for i > 1, are orthogonal to constants. Notice 
Proof. Here we construct the projection π H with the desired property. Let v ∈ V h 339 be a given fine-grid function. For each coarse face F , let c F be the constant such that
where φ T that share F with constant divergence (cf.
[34]). We first form the interpolant
where the coefficients c F are defined in (3.9). We note that div(I 
Using (3.9), the facts that div(I 
To complete the construction of π H , we will need the last interpolant
and, for all i = 1, . . . , n F , 
Hence, the commutativity property (3.8) holds. 
Here λ m+1 (T ) is the smallest eigenvalue of either (3.4) or (3.6) whose eigenfunction 
371
Proof. Since the coarse pressure space is a direct sum of local eigenspaces in each agglomerate, it suffices to look at one agglomerate T . We have two coarse pressure spaces, which are generated by (3.4) in Method 1 and (3.6) in Method 2, respectively. We first demonstrate the approximation properties of the space generated by (3.4). Consider any function p h in the fine-scale pressure space W h restricted to T . Let p be the coefficient vector of p h expanded in terms of the basis functions in W h . The
, 1 ≤ i ≤ n form an orthonormal basis for the local fine scale space. Hence, if we patch p with 0 (the zero vector in the Lagrange multiplier space), then there exist some c i 's such that
We define an interpolant of p, I H (p), as I H (p) = m i=1 c i p i , where m = max{ i : 1 ≤ i ≤ k and λ i ≤ θλ n } is the number of eigenvectors that have been included in the coarse pressure space, so I H (p) ∈ W H | T . Using the orthogonality of eigenvectors and the ordering of eigenvalues, we have
It follows that inf
For Method 1, the assertion follows by summing over the agglomerates T in T H .
372
For the coarse space generated by spectral problem (3.6) in Method 2, we can define an interpolant I H (p) such that
in a similar manner. In fact, the proof is more straightforward since there is no Lagrange multiplier in (3.6). The assertion follows by noticing that
and by summing over the agglomerates T in T H .
373
We note that although we use the same notation, the value of λ m+1 in the two 374 estimates is not the same since λ m+1 refers to the smallest eigenvalue of two different 375 spectral problems which is excluded from the coarse spaces; namely, (3.4) and (3.6),
376
respectively.
377
Remark 4.1. In practice, we choose a small number of eigenvectors with the 378 goal to capture portion of the spectrum that is close to zero. We achieve this by using 379 a tolerance to split the spectrum into two groups, and we can additionally impose a 
Stability properties and error analysis.
In this section, we analyze the error of our method in the two-level case. In what follows, we introduce the following notations: for q h ∈ V h , q h 2 a = a(q h , q h ) and |||q h ||| 2 = q h 2 a + div q h 2 . We assume that the fine-grid problem exhibits the following inf-sup condition as a preconditioner, which we demonstrate in the next section. to the ratio between the numbers of fine grid elements and the coarse grid elements.
462
For structured partitions, the coarsening factor in each coordinate direction is stated.
463
The numerical results in this section were generated by the C++ libraries MFEM
464
[2] and ELAG developed in the Lawrence Livermore National Laboratory. consider the the top layer of the SPE10 benchmark (for its detailed description, see
467
[33], and also Section 7.2). The permeability field is shown in Figure 7 .1(a), and the 468 mesh is a structured rectangular grid with elements' sizes of 20ft×10ft. problem (see Table 7 .1) and for the second criterion we select the first k eigenmodes 480 from each local spectral problem (see Table 7 .2). We remark that in all other exper-
481
iments to follow, we only present results for the "choose k" criterion which formally 482 corresponds to tolerance θ = 1; recall that the actual number of eigenvectors selected 483 by our criterion is m = max{ i : 1 ≤ i ≤ k and λ i ≤ θλ n }. The "choose k" criterion 484 allows for a more immediate comparison of the accuracy of the two methods for the 485 same operator complexity. In Table 7 .1, " * " indicates that for the specific choice of Experiment 2: performance against the coarsening factor. In this exper-498 iment, we fix the fine mesh to be 120×440, and then change the coarsening factor.
499
Notice that when we decrease the coarsening factor, the coarse mesh is refined. This 500 means that we actually change the size of the agglomerates and hence the dimensions 501 of the local fine spaces. We adjust the parameter k so that the operator complex- 
575
On the other hand, the coarse problem is solved by the methodology described in 576 Section 6. We observe that if the operator complexity of the coarse problem is about 577 1.02, the solution time for the coarse problem is less than 0.5 seconds, which means 578 the speedup is more than 100 times (versus the fine-grid problem). When the operator 579 complexity is around 1.32, then the solution time for the coarse problem increases to 580 about 14 seconds, so the speedup reduces to roughly 4 times. Table 7 .6: Performance of the two methods in Experiment 5. For the fine-grid level, we have dim(V h ) = 3403000 and dim(W h ) = 1122000. The solution time for the fine-scale problem is about 61 seconds.
581
Experiment 6: the Egg model. The Egg model has more than 100 syn-582 thetic realizations of channelized reservoir permeability. In particular, we are using 583 PERM18 ECL.INC, which can be downloaded from the model's official website [22] . of fine-scale degrees of freedom is 59205 for the velocity and 18533 for the pressure.
587
The coarse grid is obtained by using METIS to partition the fine grid into 128 ag-
588
glomerates; see Figure 7 .4(b). Table 7 .7 shows the error behavior of the methods with 589 respect to local spectral AMGe enrichment. We show some snapshots of the velocity 590 solutions generated by Method 2 in Figure 7 .5. We can see that the channelized fea-591 ture is resolved gradually when more and more spectral basis functions are added to 592 the local approximation spaces. to the case of the mixed finite element method, which leads to saddle-point problems.
596
We proved the approximation property of the coarse pressure space and ensured that 597 the coarse pair V H , W H is compatible in the sense that div V H = W H . Following
598
[31], based on the way we construct the coarse pair V H , W H , we were able to show
